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Abstract-This paper discusses the stress fields when a spheroidal inclusion, free to slip along
its interface, is subjected to a constant nonshear eigenstrain, and when an elastic body containing
the inhomogeneity is under all-around tension or uniaxial tension at infinity. In each case the
stress field in the inclusion or the inhomogeneity is not constant, contrary to Eshelby's solution.
When sliding takes place, the stress increases locally compared with the perfect bonding case,
but the elastic energy decreases due to the relaxation. The relative displacement (slip) along
the interface is also evaluated.

I. INTRODUCTION

When an ellipsoidal subdomain in an infinite body is subjected to a uniform eigenstrain
(transformation strain, thermal strain, plastic strain, etc.), the resulting stress field is
called an eigenstress field, and the subdomain is called an ellipsoidal inclusion.

When an ellipsoidal subdomain in an infinite body has different elastic moduli from
those of the remainder (matrix) and is subjected to a uniform applied stress at infinity,
the resulting stress field is the sum of the uniform stress and a stress disturbance. The
subdomain is called an ellipsoidal inhomogeneity.

These two problems (the eigenstress and the stress disturbance) are essentially the
same problems (mathematically) and are called the inclusion problems. The inclusion
problems have been investigated by many researchers: Goodier[l], Sadowsky and
Sternberg[2], Miyamoto[3], Edwards[4], Eshelby[5, 6], Walpole[7], Kinoshita and
Mura[8] and Asaro and Barnett[9], among others. Most papers, however, are based
on the assumption that the inclusion or the inhomogeneity and the matrix are perfectly
bonded, i.e.

and

o

[Uj] = 0

on S,

on S,

(1)

(2)

where [ ] == (out)-(in) and nj is the normal vector on surface S. The first condition is
the continuity of interfacial tractions across the interface, and the second condition is
the continuity of displacements across S.

Most inclusions and inhomogeneities in real materials, however, are not perfectly
bonded. Grains in polycrystals, particles in soils, and fibers in composite materials,
for instance, are subjected to sliding along the interfaces.

In this paper the condition (2) is relaxed to

[Uj]nj = o. (3)

This condition means that the displacement component normal to S is continuous,
but the displacement component tangential to S can be discontinuous. Also, the as
sumption is made that the shear tractions vanish along the interface.

Recently Mura and Furuhashi[lO] have obtained a striking result for the sliding
inclusion. They found that when an ellipsoidal inclusion undergoes a shear eigenstrain
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and the inclusion is free to slip along the interface, the stress field vanishes everywhere
in the inclusion and the matrix. This result indicates that if the inclusion is free to slip,
no back stress is accumulated by this local eigenstrain and no resistance for shear
deformation is expected. This is not true, however, when the eigenstrain is not of shear
type as considered in this analysis.

The case for a sliding spherical inhomogeneity under tension at infinity has already
been investigated by Ghahremani[ll].

In this paper we investigate a prolate spheroidal inclusion with nonshear-type ei
genstrain E~" We also study a prolate spheroidal inhomogeneity under all-around tension
(plane hydrostatic state of stress) or uniaxial tension (along the major axis of a prolate
spheroid) at infinity. These problems can be approached by the same method of Bous
sinesq using infinite series of displacement potentials which have already been used
by Tsuchida and Mura[12] for the problem of inhomogeneity in a half space. The analysis
is similar to that of Edwards[4], but it is modified such that the method is easily applied
to the half-space problems and the problems with more general boundary conditions.

2. METHOD OF SOLUTION

Consider an isotropic and infinitely extended elastic body, containing a prolate
spheroidal subdomain that may have elastic constants different from those of the matrix,
as shown in Fig. 1.

The present problem is to solve the stress fields caused by all-around tension at
infinity (Fig. 1), uniaxial tension at infinity or by uniform nonshear eigenstrains in the
inclusion. In each case the inhomogeneity or the inclusion can slide along the interface
and the tangential shear forces vanish on the interface. The method of analysis is
applicable for each loading condition.

We follow the method developed by Sadowsky and Sternberg[2] and Edwards[4].
However, the modifications are made so the analysis can be extended to a wider range
of problems.
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Fig. 1. Coordinate system.
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Let the origin of coordinates 0 be at the center of the inhomogeneity or the inclusion
and OZ coincide with the axis of symmetry of the configuration. The prolate spheroidal
coordinate system (a, /3, -y) is related to Cartesian (x, y, z) by the transformation equa
tion:

x = c sinh a sin /3 cos -y

y = c sinh a sin /3 sin -y

z = c cosh a cos /3,

(4)

where c is the focal distance in the prolate direction (the z axis direction). Sadowsky
and Sternberg[2] and Edwards[4] take c = 1. Tsuchida and Mura[l2] keep c as a
constant. The advantage to the second approach is that the analysis can be extended
to the half-space problem, where the distance from the center of the ellipsoid to the
surface of half-space is taken as unity. Then we can choose the Boussinesq's potential
functions as the product of the ordinary Legendre functions of the first and the second
kinds, derived from the integral of the product eAzJo(Ar), that will satisfy the boundary
conditions at Z = -I (see [12]).

From eqn (4) the differential of arc length is written in the form

where

(5)

h (6)

with

q = cosh a,

p = cos /3,

The ranges of these variables are

1 ~ q < 00,

-1~p~l,

q = sinh a

p = sin /3.

o~ q < 00,

O~p~1.

(7)

(8)

The surface of the ellipsoid is defined by a = ao or the corresponding variable
qo = cosh ao. The minor and major semi-axes of the spheroid are defined by

a = cqo, (9)

The displacement components in the Cartesian coordinate system are expressed
by the Boussinesq's potential functions iV, tt and A in the particular formulation em
ployed by Sadowsky and Sternberg[2]

1
[u, v, w] = 2G grad iV,

1
[u, v, w] = Gcurl[O, 0, tt]

[u, v, w] = 2~ grad A- [0, 0, 3 ~G4v A]

(10)

where G and v are the shear modulus and Poisson's ratio, respectively. When the
expression (10) is applied to the inclusion or the inhomogeneity, G and v are taken as
G and v.



1168 T. MURA et al.

The slip boundary conditions at the interface of the inclusion, i.e. at (X (xo are

T,,(3 = 0,
(11)

In the above expressions, quantities referring to the inclusion (or inhomogeneity)
are denoted by a bar. Because we are considering the symmetrical problems about the
z axis, Toy" and ToyJ3 must vanish everywhere.

The boundary conditions at infinity are

ax = a y = Po,

for the all-around tension case,

for the uniaxial tension along the z axis, and

aoy = 0,

(12)

(13)

(14)

for the eigenstrain problem, where the inclusion can be also an inhomogeneity. The
h .. * * * 'd d dnons ear elgenstralll components Ex , Ey , Ez are conSI ere an

* *Ex = Ey (15)

because of the symmetry about the z axis. The displacements inside the inclusion are
the sum of the free deformation given by

U* = E.:X, *v* = Ey Y, w* (16)

and the displacements obtained from eqn (10).
The stress and displacement components expressed in the prolate spheroidal co

ordinate system can be easily obtained by dimensional analysis from Edwards' result[4]
by multiplying his expressions by c, c- I or c2 as needed. For instance, IjJ/G must have
the dimension cm2

, q, q, P, p, 'Y have no dimension and h has the dimension (cm) - I.

Therefore, Edwards' expression Uoy = ljJoy/2Gpq must be changed to lloy = ljJoy/2Gcpq
and Un = hqljJq/2G is left unchanged. The stress term h4p 2q ljJq must be changed to
c2h4p 2qljJq.

The stress fields and the associated displacement fields can be transformed from
the Cartesian coordinate system into prolate spheroidal coordinate system by using the
transformation coefficients listed in Table 1.

After eqn (10) is transformed into prolate spheroidal coordinates the displacement

Table I

x y Z

ex chqp cos 'I chqp sin 'I chqp
13 chqp cos 'I chqp sin 'I -chqp
'I -sin 'I cos 'Y 0
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and the stress disturbances due to inhomogeneity or the inclusion are determined from
(10) by choosing the following potential functions:

l\J = Co ~ AnQn(q)Pn(P),
n~O

" = Co ~ BnQAq)Pn(P)
n~O

for the matrix (u > uo) and

l\J = Co ~ AnPn(q)Pn(p),
n=O

" = Co ~ BnPn(q)Pn(p)
n=O

for the inclusion (u < uo), where

{

Po for all-around tension,
Co = PI for uniaxial tension,

* * . .2GEx or 2GEz for elgenstram case,

(17)

(18)

(19)

and P n(P) and Qn(q) are the Legendre functions of the first and second kinds, respec
tively. The explicit expressions for P n(P) and Qn(q) are

(20)

where

2n - 1 2n - 5 2n - 9
Wn-I(q) = len) Pn-I(q) + 3(n _ 1) Pn- 3(q) + 5(n _ 2) P n- 5(q) +

The series ends when the index m of Pm becomes negative.
The undisturbed displacement and stress fields before introduction of the inclusion

analyzed in this paper are transformed into spheroidal coordinates and expressed in
terms of ordinary Legendre function P n(P). The undisturbed displacement u'" and
stresses 0"", and '1''''13 needed for the continuity equations are as follows:

For all-around tension (O"x = O"y = Po)

Po

Po
(21)
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for uniaxial tension (ac = PI)
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2Gua {2 [1 - 2v 2 J}
---;;:- = hq cq 3(1 + v)Po(p) + ?jP2(p) ,

and for eigenstrain case

2Gua hq { 2 2G [ 2 * * * * }-- = - c q - ( Ex + Ec)PO(p) + 2(Ez - Ex )P2(p)]
Co Co 3

(22)

(23)

where P~(p) is the derivative of Pn(p).
These stresses and displacements due to the loading conditions are combined with

the stresses and displacements due to the inhomogeneity or the inclusion derived from
eqns (17) and (18) and are substituted in the continuity equations (11). The unknown
constants An, Bn, ii"n, En are determined by comparing the coefficients of Pn(P) or
P~(p) in eqn (11). It is found that An(n = 1, 3, 5, ...), Bn(n = 0, 2, 4, ...), An(n =
1, 3, 5, ...) and En(n = 0, 2, 4, ...) are zero because the stresses are symmetrical
about the z axis.

3. ELASTIC STRAIN ENERGY

The potential energy change Ll W of the inhomogeneity from the uniform stress
field and the elastic strain energy W of the inclusion due to eigenstrains are important
quantities to investigate the relaxation effect of slip and the macroscopic elastic modulus
of composite materials when the self-consistent method is applied.

When a sliding inclusion undergoes a uniform eigenstrain, the elastic strain energy
is expressed as

(24)

The integration domain D is the sum of domains of matrix D - n and inclusion n. On
the other hand, we have

fffD-O aijUi.j dV = fJDI aijnjUi dS - fJol aijnjulout) dS (25)

where ID I is the boundary of D which is at infinity and In I is that of n, and n is the
outer normal to the surface element dS.

We have also

fIfo aijUi.j dV = flo I aijnjui(in) dS.

The sum of eqns (25) and (26) is

since aijnj = °on ID I, where [uiJ = ulout) - ulin).

(26)

(27)
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The force traction (1ijnj is continuous and has no shear component along the in
terface In,. Since (1ijnj has no tangential shear component, (1ijnJu;] vanishes along the
interface. Therefore eqn (24) becomes

(28)

When a sliding inhomogeneity is subjected to an applied stress (1~ at infinity, the
potential energy is expressed as

w = ! J-rr «(19. + (1·-)(u9 . + u· -) dV - J-r (1~niu? + Ui) dS, (29)2 JJD lJ IJ I.J 1•./ JIDI

where u? is the homogeneous displacement when no inhomogeneity exists under (1~.

The potential energy of the system before introduction of the inhomogeneity is

(30)

The change of the potential energy due to the inhomogeneity becomes

aw = w ! f-r. (1?·n-[ui] dS (31)
2 Jlnl j j

after some calculations. aw is therefore expressed by the quantities defined in nand
I n I, and can be easily evaluated.

4. NUMERICAL RESULTS

Numerical examples of stress fields are given. As stated by Tsutsui and Saito[13],
the effect of Poisson's ratio difference is negligible in comparison with that of the shear
modulus difference. Therefore, we take various r = GIG but v = v = 0.3. In the
inclusion problem we take a special case r = GIG = 1, and in all graphs s = alb =
0.5 where al = a2 = a and a3 = b. Results are compared with the perfect-bonding
case. The most essential difference between the solution for the sliding inhomogeneity
(or inclusion) and that for the perfect-bonding inhomogeneity (or inclusion) is that the
infinite series are necessary for the solution for the sliding case, but finite series with
n = 5 are enough for the perfect-bonding case. The infinite system of algebraic equa
tions for An, Bn, An, Bn is truncated to n = 15. This approximation is accurate enough
to show three significant figures in the included numerical examples. After the coef
ficients are determined, we can compute the stresses and the displacements at any
point in the space or in the inhomogeneity (or inclusion).

Figures 2-6 present the variation of ax, ay and az with <t> (see Fig. 1) along the
interface between the matrix and the inhomogeneity or inclusion for both the slip (solid
lines) and the perfect-bonding (dashed lines) cases. The value of <t> is obtained from J3
by the eqn tan <t> = (alb) tan J3.

Figures 2 (hard particle) and 3 (soft particle) are for the all-around tension at
infinity; figs. 4 and 5 are for the transversal and longitudinal eigenstrains, respectively.
Figure 6 is for the uniaxial tension at infinity. In each case 'Y is taken as 90°.

We can see that the stresses for the slip conditions are not constant in the inclusion
or the inhomogeneity. Recall that for the perfect-bonding case, stresses are constant
as discovered by Eshelby[5]. When the inhomogeneity is under all-around tension at
infinity, the highest tensile stress in the inhomogeneity occurs at <t> = 90°, and a large



1172 T. MURA et al.

2.0,----------------------,

CT, {SU
1.5

1.0

0.5

o 0.0
0.
"-
l/l

liJ
~ -05

-10

-1.5

-2.0

-2.5

CT, (P8l

0,=0.=0,/2

r =2.0

-300l-.---"3.l:0'::"'.---:6l::0"".---:9l::0"".---1~20::-."'---1-J,5::-0."'----:1-=-:!80.

cf>
Fig. 2. Variation of iTx , iTy and iT, (caused by all-aroun~tension Po) in the inhomogeneity on
the spheroidal interface with 4> for s = alb = 0.5. r = GIG = 2.0, v v = 0.3 and 'Y = 'Tf/2.
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compression is caused at <I> = 0° and 180°. When the inhomogeneity is under uniaxial
tension at infinity, the large tensile stress in the inhomogeneity occurs at <I> = 0° and
180°, and minimum is at <I> = 90°. It is observed that for both cases the tensile and
compressive stresses are higher for the hard inclusion (f > 1). When the eigenstrains
are present, both the perfect inclusion and the sliding inclusion are under compressive
stresses everywhere. The stress distribution for the sliding inclusion varies and the
highest compressive stress exceeds the one in the perfect-bond state. The average
stress, however, decreases due to sliding. This is seen from Table 2 since the average
stress is proportional to the elastic energy as shown in the last section. Therefore,
according to the self-consistent concept, the effect of sliding depresses the average
elastic moduli of composite materials.

Figures 7-10 show the variations of ax , ay and az along the z-axis, for s = 0.5.
The maximum compressive stress appears at the center for the transversal eigenstrain
and at the end (north and south poles) for the longitudinal eigenstrain.

Figure II presents (J'x, (J'y and (J'z along the interface in the matrix when the in
homogeneity is under all-around tension at infinity. The maximum compression stresses

Table 2. The elastic energy of the inclusion for the perfect bonding and the slip case, (s = 0.5, r = I)

Perfect Sliding Relaxation
inclusion inclusion percentage

I. * * 0 * 0 0.845731 0.815436 3.7"x = ,,~"" ,"z =
II. ,,: = "~ = 0, ,,; "" 0 0.5233975 0.405653 29.0

Ill. ,,: = "y = ,,; "" o. 1.857143 1.801363 3.1
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Fig. 13. Sliding [usl along the interface caused by Po.

are in the matrix at z = ± b, i.e. when <l> = 0° or 180°. The discontinuity of ax component
is seen at <l> = 90°, compared with ax at <l> = 90° in Fig. 2, where 'Y = 90°.

Figure 12 shows the variation of (Ta~)a=a{) = (Ta~)a=a{) along the interface for the
perfect-bonding (dashed lines) and slip (solid line) cases. It can be seen that for the
perfect-bonding case the shear stress varies along the interface and becomes zero only
at <l> = 0°, 90° and 180°, while it is zero everywhere for the slip case.

Figure 13 shows the relative sliding along the interface for all-around tension case.
From Figs. 12 and 13 it can be seen that the sliding is caused by the relaxation of the
tangential shear stress present in the perfect-bonding case.

Table 2 shows the numerical comparison between the elastic energy in the perfectly
bonded and sliding inclusions. Note that the elastic energy is lower for the sliding case.
We conclude, therefore, that the sliding along the interface causes a relaxation even
though the absolute value of stress increases locally, and depresses the average elastic
moduli.

5. CONCLUSION

In this paper we presented a method of solution for the prolate spheroidal inclusion
contained in an infinite elastic material subjected to a constant nonshear eigenstrain
and the inhomogeneity of the same shape under all-around tension or uniaxial tension
at infinity.

The numerical results for the slip boundary condition were compared with the
perfect-bonding case. We concluded that when the shear traction is specified to vanish
along the boundary, none of the stress components in the inhomogeneity or the inclusion
are constant, contrary to the perfect-bonding case, where the Eshelby solution holds.
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Although the solution for the perfect-bonding case is expressed by the finite series, the
solution for the sliding case requires infinite series. However, when the inclusion or
inhomogeneity has the shape of a sphere, the sliding solution is degenerated into the
finite series as expected from the solution of Ghahremani[ 11].

The elastic energy in the sliding inclusion is lower than in the perfectly bonded
inclusion. We conclude, therefore, that sliding along the interface causes the stress
relaxation in the inclusion even though the absolute value of stress increases locally.
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